We compute the first-order self-force contribution to Detweiler's redshift invariant for extended bodies endowed with both dipolar and quadrupolar structure (with spin-induced quadrupole moment) moving along circular orbits on a Schwarzschild background. Our analysis includes effects which are second order in spin, generalizing previous results for purely spinning particles. The perturbing body is assumed to move on the equatorial plane, the associated spin vector being orthogonal to it. The metric perturbations are obtained by using a standard gravitational self-force approach in a radiation gauge. Our results are accurate through the 6.5 post-Newtonian order, and are shown to reproduce the corresponding post-Newtonian expression for the same quantity computed by using the available Hamiltonian from an effective field theory approach for the dynamics of spinning binaries.
I. INTRODUCTION
The detection of the first binary neutron star inspiral by the LIGO-Virgo interferometers [1] , which was likely already accompanied by a second one [2] and is expected to be followed by hundreds of similar events during the next observing runs, has provided us an unique opportunity for improving our knowledge about the internal structure of neutron stars and the equation of state of neutron star matter. The analysis of the associated gravitational wave signal has allowed one to impose tight constraints on the component masses, spins and tidal polarizability parameters as well as to measure their radii and equation of state [3, 4] .
Spin effects may significantly modify both the orbital motion and the rate of the inspiral, since each neutron star gets deformed due to its own rotation [5] . As a result, such a spin-induced quadrupole moment introduces additional variations in the emitted gravitational wave signal, which are expected to dominate with respect to tidal effects in the case of rapidly rotating neutron stars [6] . Furthermore, the quadrupole moment of a rotating neutron star is different from that of a spinning black hole, depending on the equation of state [7] , so that any deviation from the black hole value can be used to constrain the binary black hole nature of the compact binary system [8, 9] .
Finite size effects on the motion of two bound compact objects are taken into account in the literature by a number of different methods and at different levels of approximation. At the lowest level, the dynamics of an extended body in a given gravitational background field is commonly described according to the Mathisson-Papapetrou-Dixon (MPD) model [10] [11] [12] . The orbit is no longer geodesic due to the coupling between spin and higher multipole moment tensors with the background curvature tensor and its derivatives, and the spin vector is no more Fermi-Walker transported along the orbit due to the same type of couplings. Such a feature complicates the discussion of the motion, which already at this simplest level cannot be performed exactly, but only within some approximation scheme and under some simplifying assumption [13] [14] [15] [16] [17] [18] [19] [20] [21] . A canonical Hamiltonian formulation of the dynamics of a spinning test particle in a curved spacetime has been developed, e.g., in Ref. [22] (see also Refs. [23] [24] [25] ), later generalized to extended bodies endowed with spin-induced quadrupole moment in Ref. [26] .
When the mass of the extended body cannot be considered as a test mass, backreaction effects cannot be neglected, and the situation worsens immediately. Analytical methods are still available: post-Newtonian (PN) [27] [28] [29] [30] and post-Minkowskian (PM) [31, 32] approximations, for arbitrary values of the mass ratio, possibly implemented using effective field theory (EFT) techniques [33] [34] [35] ; the gravitational self-force (GSF) formalism [36] [37] [38] , valid in the extreme-mass-ratio limit. The formalism which encompasses all these approaches is nowadays the effective-one-body (EOB) model [39, 40] , which is currently used to build waveform models for LIGO and Virgo data analysis. It represents the most versatile framework which allows one to convert information coming from both analytical approaches and numerical relativity (NR) simulations of binary inspirals to provide even more accurate predictions for the analysis of gravitational wave signals.
Up to now the PN description of the conservative orbital features of a two-body system is at the 4PN level of accuracy [41] [42] [43] [44] [45] [46] . The spin part of the conservative dynamics is complete to 4.5PN order (for rapidly rotating compact objects), which includes next-to-next-to-nextto-leading-order (NNNLO) effects at the spin-orbit level [47] (see also Ref. [48] ), next-to-next-to-leading-order (NNLO) effects at the spin-squared level [49] [50] [51] [52] [53] [54] [55] , nextto-leading-order (NLO) at cubic order in spin [56] (see also Refs. [57] ), and leading-order (LO) effects at quartic order in spin [58] (see also Refs. [59] [60] [61] ). The PM description has provided recently a 3PM orbital Hamiltonian [62] [63] [64] [65] and the leading PM order in the spin part for black holes [66, 67] (with the spin-orbit part being uni-versal). Several orbital invariants have been computed within the GSF approach through a very high PN accuracy, but only in the case of particles without internal structure (see, e.g., the review [68] and references therein). Recently, linear-in-spin corrections to the Detweiler's redshift invariant and to tidal invariants have been obtained in Refs. [69, 70] for spinning particles moving along circular orbits in a Schwarzschild spacetime. Finally, an improved description of spin effects in the EOB Hamiltonian has been presented in Ref. [71] , valid for arbitrary spin orientations and magnitudes, and for either black holes or neutron stars (see Ref. [72] for the case of aligned spins).
In this work we compute high-order PN corrections to Detweiler's redshift invariant due to an extended body with spin-induced quadrupolar structure moving along circular equatorial orbits on a Schwarzschild background. These corrections are quadratic in the spin of the body. The spin vector is taken orthogonal to the motion plane, and generates a quadrupole moment which is proportional to a "polarizability" parameter normalized in such a way that it equals unity in the case of a black hole, whereas for neutron stars it depends on the equation of state. The associated energy-momentum tensor used as the source of the first-order perturbation equations is highly-singular at the body's position, containing Diracdelta terms as well as both first and second derivatives of the Dirac-delta function. We follow the standard Teukolsky approach and the Chrzanowski-Cohen-Kegeles (CCK) procedure to reconstruct the metric perturbation in a radiation gauge [73] [74] [75] [76] [77] [78] . We introduce a dimensionless spin parameter to control the spin and spin-squared part of the perturbation, in a consistent way, all along the various steps that the Teukolsky formalism requires: source term, PN-type and Mano-Suzuki-Takasugi (MST) type solutions [79] [80] [81] of the radial homogeneous equation, Green-function, etc. There are also "side problems," like that of determining the nonradiative part of the perturbation associated with the "low multipoles," or better-in the context of the Teukolsky approach-the gauge-dependent mass and angular momentum perturbations due to the extended body. We solve this problem here by following the same approach already used in our previous work valid to linear order in the particle's spin [69] within the Regge-Wheeler-Zerilli (RWZ) [82, 83] framework. Finally, the result for the redshift is compared to PN predictions, thereby providing the first independent check of the NNLO PN spin-squared potential [53] .
We use geometrical units G = 1 = c. Greek indices refer to spacetime coordinates and vary from 0 to 3, whereas Latin indices, ranging from 1 to 3, label space coordinates.
II. MPD DESCRIPTION OF QUADRUPOLAR BODIES
The motion of an extended body endowed with structure up to the quadrupole in a given spacetime is described by the MPD equations [10] [11] [12] 
unit tangent vector to the "center of mass world line" (C, with parametric equations x α = x α (τ )) used to make the multipole reduction, parametrized by the proper time τ .
2. P = mu, with u · u = −1 and P · P = −m 2 , is the (timelike) generalized 4-momentum of the body with mass m. Note that, in general, U and u are not aligned; P (i.e., u) has support only along C; m does not coincide with the "bare mass" of the body, but depends on its structure.
3. S µν is a antisymmetric spin tensor S µν (with support only along C, like P ), which is assumed to satisfy the Tulczyjew-Dixon supplementary conditions [12, 84] S µν u ν = 0 .
As standard, the spin vector (orthogonal to u) associated with the spin tensor S αβ is given by
where η(u) αβγ = u µ η µαβγ is the spatial unit volume 3-form (with respect to u) built from the unit volume 4-form η αβγδ = √ −g ǫ αβγδ , with ǫ αβγδ (ǫ 0123 = 1) being the Levi-Civita alternating symbol and g the determinant of the metric.
Its signed magnitude s is such that
with [S 2 ] α β = S αµ S µβ , and is not constant in general along the trajectory of the extended body. For a later use, it is convenient to introduce the symmetric-tracefree part (STF) of the square of the spin tensor (or, equivalently, of the spin vector) S 2 , i.e.,
5)
where P (u) = g + u ⊗ u projects orthogonally to u. One finds
4. J αβγδ is the quadrupole tensor, with support only along C, like P (and u) and S µν (and S(u)). It shares the same symmetries of the Riemann tensor and is completely specified by two symmetric and trace-free spatial tensors, i.e., the mass quadrupole (electric) and the current quadrupole (magnetic) tensors [17-19, 85, 86] .
We will consider here the case of a spin-induced quadrupole tensor of the electric-type only, i.e.,
7)
where C Q is a constant parameter. For neutron stars its value depends on the equation of state and varies roughly between 4 and 8 [7] , whereas it is exactly C Q = 1 for black holes [87] .
Therefore, the quadrupole tensor can be decomposed as
and in J ⊥ one can replace P (u) by the metric g. The MPD equations (2.1)-(2.2) imply that the unit vectors U and u are related by
(2.10) where m 0 denotes the (conserved) bare mass of the extended body. The spin-dependent effective mass m is instead given by
where
Finally, in stationary and axisymmetric spacetimes endowed with Killing symmetries there exist conserved quantities associated with the timelike Killing vector ξ = ∂ t (the energy E) and the azimuthal Killing vector η = ∂ φ (the total angular momentum J) to all multipolar orders [86] , i.e.,
III. CIRCULAR MOTION IN A SCHWARZSCHILD SPACETIME
Let us consider the Schwarzschild spacetime, with line element written in standard spherical-like coordinates (t, r, θ, φ) given by
where f = 1 − 2M/r. A natural orthonormal frame (adapted to the static observers, at rest with respect to the spatial coordinates) is the following
The orthonormal component along −∂ θ which is perpendicular to the equatorial plane will be referred to as "along the positive z-axis," and will be denoted by the indexẑ, so that eẑ = −eθ.
It is convenient to decompose the spin vector S(u) in magnitude (s) and direction (N (u)): S(u) = sN (u), with N (u) unitary, spacelike and orthogonal to u, namely u · N (u) = 0, N (u)·N (u) = 1. The spin-induced quadrupole tensor (2.8) thus reads
since J SS = s 2 J N N . Let us assume that N (u) be aligned with the z-axis of an orthonormal frame adapted to u = e 0 : N (u) = eẑ = −eθ, so that
(3.4) To make this expression more compact we can introduce an orthonormal frame adapted to u, {e α }, with e 0 = u and e 2 = eθ and e 1 and e 3 spanning the θ =const. hyperplane. By using this frame one finds the following representation for P (u):
and hence one can replace the various terms in (3.4) with tensor products of frame vectors. For example,
where we have adopted the multi-tensor product notation
etc. The final expression of the quadrupole tensor is the following J αβγδ = J e αβ 01 e γδ 01 − 2e αβ 02 e γδ 02 + e αβ 03 e γδ 03 ,
and we have used the wedge-product notation 
where we have introduced the electric part of the Riemann with respect to u, E(u) αβ = R 0α0β (symmetric and tracefree).
A. Circular orbits
Let the body with spin vector S(u) = s eẑ and spininduced quadrupole tensor (3.8) move along a circular orbit on the equatorial plane, with unit tangent vector U parametrized either by the (constant) angular velocity ζ with respect to infinity or, equivalently, by the (constant) linear velocity ν with respect to the static observers as
13) The parametric equations of the orbit are then given by
The MPD equations imply that the direction u of the 4-momentum is also tangent to a circular orbit with different angular and linear velocities ζ u and ν u , i.e.,
with similar relation for the corresponding normalization factors. An orthonormal frame adapted to e 0 = u is then built with the spatial triad e 1 = er , e 2 = eθ ,
withΓ u = Γ u ν u andζ u = f 1/2 /(rν u ). Therefore, the quadrupole correction (3.11) to the mass of the body turns out to be
Under the assumptions of equatorial motion and spin vector aligned with the z-axis the MPD equations imply that the signed spin magnitude s is a constant of motion (see e.g., [21] ). Therefore, we introduce the dimensionless spin parameterŝ
which we will take as a smallness indicator. Hereafter, all spin-dependent quantities are then understood to be evaluated up to the order O(ŝ 2 ).
Frequencies ζ and ζu
The solutions for the frequencies ζ and ζ u are
where we have used the dimensionless (inverse) radial variable
Both M ζ and M ζ u correspond to spin and spin-square modifications of the circular geodesic (Keplerian) value M ζ K = u 3/2 0 . It is useful to introduce the dimensionless frequency variable y = (M ζ) 2/3 , which to second order in spin reads
with inverse The normalization factors Γ and Γ u are given by
The redshift variable z (0) 1 = Γ −1 as a function of y is then given by
(3.24) Furthermore, the quadrupole correction (3.17) to the mass of the body turns out to be
(3.25)
Conserved energy and angular momentum
The conserved energy and angular momentum (2.13) as functions of the frequency variable y are given by
IV. ENERGY MOMENTUM TENSOR Following Ref. [15] , the energy momentum tensor of a quadrupolar particle is given by
Here δ (4) denotes the 4-dimensional delta function centered on the particle's worldline, i.e.,
The energy momentum tensor thus results in the sum of three pieces
which are listed below. We use the following notation for the first derivatives of delta functions
and similarly for the second derivatives.
1. Theŝ 0 term is given by
(4.8)
Here, we identify the tensor which is multiplied by δ (3) , through the prefactor m0u0 √ 1−3u0 and its nonzero components: tt, tφ and φφ. This notation is used in Table I. 2. Theŝ 1 term is given by
where the nonvanishing components of the tensors X µν , X rµν and X φµν are listed in Table I. 3. Theŝ 2 term is given by
with
and
φφ .
(4.12)
The nonvanishing components of the various tensors are listed in Table I .
V. FIRST-ORDER METRIC PERTURBATIONS AND DETWEILER'S REDSHIFT INVARIANT z1
Let us consider now an extended body as above still moving along an accelerated equatorial circular orbit with spin vector aligned with the z-axis according to the MPD model, but in a perturbed Schwarzschild spacetime. We are interested in computing Detweiler's redshift invariant
to first order in the mass ratio q ≡ m 0 /M ≪ 1, where h R kk = h R αβ k α k β is the regularized value of the double contraction of the metric perturbation h αβ (x µ ) induced by the extended body with the helical Killing vector k = ∂ t + ζ∂ φ . Therefore, we need h R kk to second order in spin
(hereafter, we remove the label R for simplicity) as well as the perturbed relation between the variables u 0 and y
3)
where the functions f 0 (y), fŝ(y) and fŝ2(y) are determined by solving the MPD equations in the perturbed Schwarzschild spacetime. Inserting these relations in Eq. (5.1) and expanding to first order in q and to second order inŝ then gives 
Yrµν m0
The second order in spin 1SF contribution to the redshift finally reads . We use here the Teukolsky formalism in a radiation gauge and the related CCK procedure to reconstruct the radiative part of the metric perturbation. This method is well established in the literature (see, e.g., Ref. [88] ), so we will skip all unnecessary details. The nonradiative part of the metric is, instead, evaluated by using the RWZ approach as in our previous work [69] .
We refer to that work and references therein for a detailed account of the non-spinning terms. Ref. [69] also contains the necessary information to determine the linear-in-spin 1SF correction to the frequencyΩ 1ŝ . Therefore, we will provide below some details on the computation of the quadratic-in-spin term h kkŝ 2 .
A. Computing h kkŝ 2
The radiation-gauge metric perturbation approach gives a PN expansion of the radiative ℓ-modes (ℓ ≥ 2), h ℓ (rad) kk , of the retarded value of h kk . These PN-type solutions provides information on the large-ℓ behavior of the modes, and should be combined with MST-type solutions (for certain low values of ℓ = 2, 3, . . .) in order to reach a high-PN level of accuracy of the final result. The non-radiative part of the perturbation (ℓ = 0, 1) must be computed separately, and corresponds to mass and angular momentum perturbations of the background, up to gauge modes. The relevant components of the exterior (+) and interior (−) metric perturbations (evaluated at θ = π/2) are found to be 
h ℓ kk , (5.11) which needs to be suitably regularized, being divergent at the location of the source. This is done standardly by removing the divergent large-ℓ behavior of the radiative modes as well as by taking the average between the two radial limits r → r − 0 (left) and r → r + 0 (right), leading to the following regularized value h R kk of h kk and its limiting value in the black hole case (C Q = 1) is exactly equal to the polarizability parameter, allowing to discriminate the nature of the extended body (either a black hole or a neutron star) and its equation of state.
VI. THE PN EXPECTATION
Using a PN Hamiltonian H for the two-body system, the redshift invariant z 1 of body 1 to linear order in spin can be calculated from
which follows from the "first law" of two-body dynamics [89] . In order to extend this formula to quadratic order in spin, one must add to the Lagrangian in Eq. (3.2) of Ref. [89] the spin-induced (SI) quadrupole interactions [53, 90] ,
where A = 1, 2 labels the two bodies of the binary, and U denotes the unit tangent vector to the center of mass world line. Now, if one takesC A(ES 2 ) = C A(ES 2 ) /m A (instead of just C A(ES 2 ) ) as constant when varying the masses m A , then the contribution L SI is in fact irrelevant. That is, the arguments in Sec. III of Ref. [89] leading to the formula for the redshift apply unchanged. The formula for the redshift in the presence of spin-induced (SI) quadrupole interactions at quadratic order in spin hence reads
Using known results for the PN dynamics at quadratic order in spin from LO [5, [91] [92] [93] [94] , NLO [90, [95] [96] [97] [98] [99] [100] [101] [102] , and NNLO [49] [50] [51] [52] [53] , as summarized by the Hamiltonian in Eqs. (4.29)-(4.32) of Ref. [103] and Eqs. (3.5)-(3.6) of Ref. [55] , it is now straightforward to compute the red-shift invariant at the second order in spin, z SS 1 , which is relevant for the present analysis. Its expression in terms of the frequency-related variable x = [(m 1 + m 2 )Ω] 2/3 (with Ω = ∂H ∂p φ ) is the following 
with χ 2 = 0 in the Schwarzschild case, so that
with q = m 1 /m 2 , and C 1(ES 2 ) = 1 = C 2(ES 2 ) in the black hole case (see also Ref. [104] ). where we have introduced the variable y such that x = y(1 + q) 2/3 with ν = q (q+1) 2 , reproducing known results in the black hole case C 2(ES 2 ) = 1 (see, e.g., Ref. [105] ) . 
which agrees with Eq. (5.17) for χ 2 = 0 and C 1(ES 2 ) = C Q .
VII. CONCLUDING REMARKS
We have studied the perturbations induced by a classical extended object endowed with both dipolar and (spininduced) quadrupolar structure moving along an equatorial circular orbit on the Schwarzschild background, the spin vector being orthogonal to the motion plane. The metric perturbations have been obtained by using the standard Teukolsky formalism in a radiation gauge within the framework of first-order gravitational selfforce. We have computed for the first time the spinsquared contribution to Detweiler's redshift invariant at a high-PN order, checking also the agreement of the first terms of the expansion with the corresponding PN expectation. For the purpose of the latter, we utilize that Detweiler's redshift invariant has a counterpart in the PN Hamiltonian formalism: the PN redshift follows from the "first law" of two-body dynamics, which we extended from the linear-in-spin level [89] to quadratic level (including spin-induced quadrupole interactions).
The transcription of this new result into other formalisms like the EOB one requires some care, since there is the choice, dictated by the Kerr solution, to include them (eventually in a resummed form) in the orbital sector of the Hamiltonian (as in Ref. [106, 107] ) and/or in an external spin-squared Hamiltonian (as in Ref. [108] ). Following the method in Refs. [47, 109, 110] which utilize self-force results to derive new PN results (making crucial use of the mass-ratio dependence of the scattering angle), it is also conceivable that an extension of the results in the present paper to eccentric orbits could be suffucient to derive the NNNLO spin-squared conservative PN Hamiltonian at 5PN for aligned spins (see Ref. [111] for partial results), complementing efforts to complete the knowledge of the 5PN order in the nonspinning sector [109, 112, 113] . These problems will be discussed elsewhere.
Here H(x) denotes the Heaviside step function, M ζ K = u 3/2 0 and the additional contribution δM to the mass of the system is given by the conserved Killing energy (3.26) of the extended body.
The dipole mode l = 1 (odd)
The only nonvanishing metric component is
where the perturbation function h (odd) 0 satisfies the equation
where the coefficients C 0 , C 1 and C 2 are listed in Table  III . The solution for the odd dipole perturbation is thus found to be qh tφ = −2 δJ r 
and δJ is given by the conserved Killing angular momentum (3.26) of the extended body.
Nonradiative part of h kk
The unsubtracted contribution to h (A13) 
